The transition from regular to irregular behavior in nonlinear dynamical optical systems has been a topic of both experimental and theoretical interest for over two decades.The observation ofnonlinear dynamical phenomena and chaos has become a very important issue during last years from both a scientific and practical point of view and thus must be a subject of education in optics. In the context of laser systems one is interested, for example, in the practical problem of the control of the onset of chaos and in the decrease of dynamical noise in the laser output intensity.
It is well known that CO2 lasers can demonstrate classical transition scenarios to chaos (such as period doubling cascade, for instance) and therefore are a very good system for studying chaos. To investigate the chaos onset mechanisms a number of laser configurations in which chaos is induced in the output have been studied, e.g., a CO2 laser with internal harmonic modulation of the loss parameter 14 CO2 laser with harmonic modulation of the pumping current 5,6 a single CO2 lasers with delayed opto-electronic feedback and two or more optically coupled lasers 6,10,11 It is also known that CO., lasers are very sensitive to radiation feedback. In this work the extreme sensitivity of CO2 lasers to optical feedback is employed to induce dynamical instabilities. We report here on the experimental and theoretical results concerning instabilities in CO2 lasers induced by an optical phase modulation of the back reflected signal. The above mentioned phase modulation was implemented by periodically varying either geometrical feedback length or the optical feedback length by means of a refractive index modulation using an electro-optical modulator (EOM). This new scheme of observing chaos in carbondioxide lasers doesn't require EOM accommodation inside of laser resonator and thus is significantly simpler than traditional schemes 1-4 Such scheme can thus be easily implemented in a graduate level optical laboratory.
EXPERIMENTAL PROCEDURE
A schematic of the experimental setup is shown in Fig. 1 . In this scheme an axial
Figun 1
Experimental setup for obtaining chaos in a CO2 laser: 1. diffraction grating; 2.
CO2 laser tube; 3. output mirror; 4. electro-optical modulator (EOM); 5. additional mirror; 6. piezo-ceramic drive; 7. liquid nitrogen cooled HgCdTe detector; 8. delay line; 9. digitizer; 10. oscilloscope; 11. spectrum analyzer.
flowing gas CO2 laser operating at a wave length of ? = 10.6 jim was used. This laser has a resonant cavity 2.5m long formed by a diffraction grating (1) and mirror (3) , the diameter of the discharge tube (2) is 6 mm, and the pressure of the conventional gas mixture varies from 1 5 to 20 mmHg. An additional mirror (5) provides the radiation feedback into the active region . Mirror (5) is mounted on a piezoelectric ceramic drive (6) allowing static tuning and/or periodic modulation of the external resonator length.The distance between mirrors (3) and (5) does not exceed 30 cm. The laser intensity is measured by a HgCdTe detector (7) which monitor part of the radiation reflected from the diffraction grating (1). The intensity signal from the detector and its time-delayed copy are fed into an oscilloscope (10) operating in the x-y mode. The delay line (8) has a constant delay of 2.5 ts. This simple scheme allows real time observations of the twodimensional projections of the system trajectories in the space of delayed signals.
We propose to organize the experiments into two major series following the approach we used when working with the system.
In the first series of experiments, (Section 3.1), the optical phase of the backreflected emission was modulated by using an electro-optical modulator (EOM) with a quarter wave voltage of 2.2 Ky. The EOM was a Cd-Te crystal having an active length of 48 mm, and an aperture diameter of 3 mm. The voltage applied to the EOM had a DC component of 1.5 KV and the amplitude and frequency of the modulated signal varied within 1 OO-900V and 50-85 KHz, respectively.
In the second series of experiments, discussed in Section 3.2, the phase of the feedback radiation was modulated by the induced oscillations of the feedback providing mirror (5) mounted on a piezoelectric drive. The driving frequencies varied from 30 KHz to 60 KHz. The frequency range of these drives is centered on the relaxational frequencies of the laser system used. The largest amplitude of the external mirror oscillations was of the order of 1 tm for the lowest driving frequencies and estimated as not exceeding O.5im for the highest driving frequencies used. In both series of experiments the amount of optical feedback radiation was measured to be less than 10%.
EXPERIMENTAL RESULTS

An optical phase modulation by means of EOM
The results presented in Fig. 2 were obtained by varying the static part of the loss coefficient while all other laser parameters remained unchanged. The static part of the loss coefficient was varied by changing the angle of the output mirror of the laser. In the right column of Fig. 2 the frequency spectra are displayed, the middle column shows the respective phase portraits (Intensity(t) vs Intensity(t+t)) and finally the left column contains the corresponding time series. These spectra were recorded at a constant frequency of 83 KHz and a modulation amplitude of 150 V.
For relatively low levels of losses the laser intensity follows the driving signal with Figun 2 A representative sequence of laser states for a CO2 laser obtained by varying the static part of the loss coefficient while all other laser parameters were unchanged. g a pronounced second and third harmonic present (Fig. 2c) . As the losses are increased, the laser output becomes more and more structured and period 2 oscillations are observed as shown in Figs. 2d, Figs.2j,k,l . Finally the frequency spectrum of the laser output changes into a broad spectrum with a rise in the floor level. This is a definitive indication that the system is driven into chaos, as shown in Figs. 2m,n,o. The chaotic attractor (Fig. 2n) has a characteristic shape typical for chaotic states obtained at other driving frequencies.
The bifurcation diagram presented in Fig. 3 The coexistence of two stable periodic orbits is shown in Fig. 4 . Transitions between two orbits of different periods are shown in Figs. 4 a,b . The corresponding frequency spectrum (Fig.4b) contains the fundamental frequencies of both orbits. Similar bistabilities were reported previously 1,3 with transitions between orbits of period 's 3 and 4.
Bistability in CO2 laser with externally modulated optical feedback. EOM is used for optical phase modulation a-phase portrait, b-spectrum ; driving frequency fd = 84 KHz. 
Figun 5
Chaos induced by a vibrating mirror, a-phase portrait; b-spectrum, Id =30 KHz. Fig.6 shows the coexistence of two period orbits of different amplitudes and the same frequency. This is evidenced by the frequency spectrum shown in Fig. 6b with fundamental frequency and higher harmonics.
Figun 6
Bistability in CO., laser with modulating length of feedback by vibrating mirror a-phase portrait, b-spectrum, fd= 60 KHz.
SUMMARY AND CONCLUSIONS
We have shown that a CO2 laser can be driven into chaotic state by using a very simple method where one modulates externally the feedback of laser radiation.
Two approaches were used to drive the laser into chaotic state. In the first setup an EOM is used to modulate optical phase of re-injected signal, and the second one modulating the length ( and , of course, the phase) of the optical feedback.
Both of these methods produced instabilities and chaos through period doubling cascades for a broad range of modulation frequencies. Under certain conditions the system also exhibits bistability. Both methods of chaos observation in carbondioxide laser can be successfully used for many types of low power CO2 lasers to study of nonlinear dynamical phenomenon in a graduate student laboratory.
The results of this work are very similar to those obtained for a CO2 laser with modulated intercavity losses14. This is not coincidental, since it can be shown that the rate equations of class B laser with externally modulated and re-injected optical signal (see Appendix) are equivalent to ones describing a system with modulated losses.However, our external modulation schemes are much simpler experimentally then the intercavity modulation and thus better suited for a graduate laboratory. where r -is the reflection coefficient of an external mirror; r E exp[iço(t)J -represents re-injected field with time depending phase p(t); 5, :1' thOthL )/yj; 0' =(4-c5L )/k; c ,c& and cJiL are the cavity, atomic, and laser operational frequencies, respectively.
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Equations for the light intensity I and population inversion AN can be obtained from eq. (1) and (2) assuming that time depending phase ço(i) can be described as p(t) =ço0 + ço7 cos(Qt, where: ço0 -constant part of phase;p, -phase modulation amplitude; Q-modulation frequency.
-=GThN-Ik0[1+mcos -2GThN, (4) where: G = 2g2/[ 'y1(1+&2 )J ; k0=2k (1-rcos ço0) m =('r ço, sin ço0)/(1-r cos Equations (3) and (4) are identical to appropriate equations for light intensity and population inversion for system with modulated losses1.
